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A FOCK SPACE APPROACH TO REPRESENTATION THEORY
OF osp(2|2n)
SHUN-JEN CHENG, WEIQIANG WANG, AND R.B. ZHANG
Abstract. A Fock space is introduced that admits an action of a quantum
group of type A supplemented with some extra operators. The canonical and
dual canonical basis of the Fock space are computed and then used to derive
the finite-dimensional tilting and irreducible characters for the Lie superalge-
bra osp(2|2n). We also determine all the composition factors of the symmetric
tensors of the natural osp(2|2n)-module.
Introduction
Supersymmetry usually manifests itself as concrete representations of the rel-
evant Lie superalgebras, and thus the representation theory of Lie superalgebras
plays an essential role in the study of supersymmetry. A crucial difference between
simple Lie algebras and simple Lie superalgebras is that the categories of finite
dimensional representations of the latter are in general not semi-simple [K1, K2].
Partially inspired by earlier works of Lascoux-Leclerc-Thibon [LLT] and Serganova
[Se], Brundan in [B1] developed a new approach to the representation theory of
the general linear superalgebra (and in [B3] for q(n)), where he formulated the
Kazhdan-Lusztig theory in terms of canonical bases of a Fock space. The Fock
space approach enabled Brundan to establish, among other results, a conjecture of
[VZ] in the affirmative. The Fock space approach is not only technically powerful,
it also leads to a new conceptual framework relating the representations of general
linear algebras to those of general linear superalgebras via a fundamental duality
[CWZ].
The main purpose of this paper is to extend Brundan’s Fock space approach of
Kazhdan-Lusztig theory to the Lie superalgebras osp(2|2n). After reviewing some
background materials in Section 1, we introduce in Section 2 a Fock space with the
action of a quantum group of type A supplemented with some extra generators.
We remark that the action of the quantum group arises from the two opposite
comultiplications. In contrast to [B1], a weight space of the Fock space here may
correspond to a unique block or sometimes to two blocks. A bar involution is
defined and the canonical and dual canonical bases of the Fock space are worked out
explicitly. Theorem 3.2 shows that the canonical basis elements when specialized
to q = 1 correspond to the finite dimensional tilting modules of osp(2|2n) while
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the standard monomials correspond to the Kac modules. This together with the
general theory of tilting modules [So, B2] gives an explicit determination of the
composition factors of Kac modules (Corollary 3.3).
We point out that the finite dimensional irreducible representations of osp(2|2n)
were studied in the work of van der Jeugt [V], who in particular established the
composition factors of Kac modules in a completely different way. This readily
implies a Bernstein-Leites type character formula for such representations as noted
in [V]. Also the projective covers in the category of finite-dimensional osp(2|2n)-
modules were understood in [Zou]. The new Fock space approach here appears to
be conceptually interesting and simple, and it is our hope that it may provide new
insights into the representation theory of other Lie superalgebras.
In spite of the power of the Kazhdan-Lusztig-Brundan theory, the structure of
various naturally constructed modules of Lie superalgebras often remains unclear.
The skew-symmetric tensor of the natural osp(2|2n)-module is easily seen to be
irreducible. In contrast to the classical Lie algebra setup, the symmetric tensors
of the natural module of osp(2|2n) is not completely reducible in general and it is
a rather nontrivial problem to determine the composition factors. In Section 4 we
offer a complete solution to this problem. There exists a surjective homomorphism
via a Laplacian operator ∆ from the k-th symmetric tensor to the (k − 2)-th
symmetric tensor for each k. We show that the kernel of ∆ has 1, 3, or 2 composition
factors depending on whether k ≤ n, n < k ≤ 2n, or k > 2n. The simplest case
when k ≤ n can be also found in [Lee].
Acknowledgments. We thank all three host institutions of the authors and
NCTS-Taipei office for the hospitality and support.
1. Preliminaries
In this section we present some background material for the use in later sections.
1.1. Lie superalgebra osp(2|2n). Throughout this paper, we shall denote by g
the Lie superalgebra osp(2|2n) whose standard Dynkin diagram together with the
simple roots is given by:⊗
© © ©. . . ⇐==
ǫ− δ1 δ1 − δ2 δn−1 − δn 2δn
Here ǫ − δ1 is odd. The set of positive roots is a union of the even and the odd
ones: ∆+ = ∆+0 ∪∆
+
1 . Denote by {ei, fi, hi} for i = 0, 1, . . . , n the corresponding
Chevalley generators of g. Let ρ = −nǫ +
∑n
i=1(n − i + 1)δi, which is half the
graded sum of the positive roots of g. Let b be the Borel subalgebra, and h ⊂ b be
the Cartan subalgebra of g compatible with the above choice of the simple roots.
The space h∗ is endowed with a non-degenerate symmetric bilinear form
(ǫ, ǫ) = 1, (δi, δj) = −δij , (ǫ, δi) = 0, ∀i, j.
A weight µ is called atypical if there is an odd positive root γ = ǫ− δi or ǫ+ δi for
some i such that (µ+ ρ, γ) = 0, and is called typical otherwise (cf. [K2]).
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Denote by O+ the category of finite dimensional Z2-graded g-modules of integral
weights, that is, the weights of every module belong to the Z-span of ǫ, δi, i ≥ 1.
We denote by X
1|n
+ the set of the dominant integral weights of g, namely,
X
1|n
+ =
{
λ = λ−1ǫ+
n∑
i=1
λiδi
∣∣∣∣∣λi ∈ Z, ∀i; λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0
}
.
The Lie superalgebra g has a Z-grading g = g− + g0 + g+, where g0 is its even
subalgebra and g+ (respectively g−) is the subalgebra spanned by the odd posi-
tive (respectively negative) root vectors. The Kac module is defined as K(λ) :=
U(g) ⊗U(g0+g+) L
0(λ), where L0(λ) denotes the irreducible g0-module of highest
weight λ (extended trivially to g0 + g+). Then the irreducible module L(λ) and
Kac module K(λ) with highest weight λ belong to O+ if and only if λ ∈ X
1|n
+ . It
is known that K(λ) = L(λ) if λ is typical.
1.2. The Bruhat order. The Weyl group W of g is defined to be the Weyl group
of the sp(2n) subalgebra, which is generated by the reflections corresponding to
the even simple roots of g. If an element λ ∈ X
1|n
+ is atypical with respect to an
odd positive root γ, we define
λL := w(λ+ ρ− kγ)− ρ. (1.1)
Here k is the smallest positive integer such that λ+ ρ− kγ is sp(2n)-regular in the
sense that (λ + ρ − kγ, αi) 6= 0, ∀i ≥ 1, and w is the unique element in the Weyl
group of g rendering λL dominant. For example, if λ = ǫ, then λL = −ǫ+δ1+δ2. A
more explicit description of this “L-operator” will be given below. A representation-
theoretical interpretation is given in Corollary 3.3. Given λ ∈ X
1|n
+ , we shall write
λ(0) = λ, λ(l+1) = (λ(l))L, l ≥ 0. (1.2)
The Bruhat order on X
1|n
+ is the partial order such that for λ, µ ∈ X
1|n
+ , µ ≺ λ if
and only if µ = λ(l+1) for some l ≥ 0.
Denote by Y
1|n
+ the set of the (n+ 1)-tuples f = (f−1 | f1, f2, . . . , fn) of integers
such that f1 < f2 < · · · < fn < 0. There is a bijection
X
1|n
+ → Y
1|n
+ , λ 7→ fλ, (1.3)
where fλ is specified by
(fλ)−1 = (λ+ ρ, ǫ), (fλ)i = (λ+ ρ, δi), i ≥ 1.
An element fλ ∈ Y
1|n
+ will also be called atypical (respectively typical) if λ ∈ X
1|n
+
is atypical (respectively typical). Note that f ∈ Y
1|n
+ is atypical if |f−1| = −fi for
some i ≥ 1. If f = fλ for some atypical λ ∈ X
1|n
+ , we set f
L = fλL . The Bruhat
order on X
1|n
+ induces a partial order on Y
1|n
+ via the bijection (1.3).
The description of f L for a given atypical f is divided into three cases as follows.
(I) f−1 = fi < 0 for some 1 ≤ i ≤ n. Let d be the largest integer such that
d < fi and d /∈ {f1, . . . , fn}. Then, f
L = (d|f1, . . . , fˆi, . . . , fn, d)
+, where fˆi denotes
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the removal of fi, and + denotes the rearrangement of f1, . . . , fˆi, . . . , fn, d in a
decreasing order.
(II) f−1 = −fi > 0 for some 1 ≤ i ≤ n, and {f1, f2, . . . , fn} does not contain
{−1,−2, . . . , fi} as a subset. Let c be the largest integer such that −1 ≥ −c > fi
and −c /∈ {f1, . . . , fn}. Then, f
L = (c|f1, . . . , fˆi, . . . , fn,−c)
+.
(III) f−1 = −fi > 0 for some 1 ≤ i ≤ n, and the set {f1, f2, . . . , fn} contains
{−1,−2, . . . , fi} as a subset. Then f
L = (−f−1|f1, . . . , fn).
Lemma 1.1. Let β = 2nǫ, the sum of all odd positive roots. Let w0 be the longest
element in W . Then, fβ−w0λ is obtained from fλ by changing the sign on the (-1)st
component. That is, fβ−w0λ = −w0fλ.
Proof. Note that w0λ = λ−1ǫ −
∑n
i=1 λiδi for λ = λ−1ǫ +
∑n
i=1 λiδi. The lemma
now follows by unravelling the definitions. 
It follows from Lemma 1.1 and (I), (II), (III) above that
β − w0λ = (β − w0λ
L)L. (1.4)
1.3. Quantum group. The quantum group Uq(gl(∞)) is the Q(q)-algebra gener-
ated by Ea, Fa, K
±
a , a ∈ Z, subject to the following relations
KaK
−1
a = K
−1
a Ka = 1, KaKb = KbKa,
KaEbK
−1
a = q
δa,b−δa,b+1Eb, KaFbK
−1
a = q
δa,b+1−δa,bFb,
EaFb − FbEa = δa,b(Ka,a+1 −Ka+1,a)/(q − q
−1),
EaEb = EbEa, FaFb = FbFa, if |a− b| > 1,
E2aEb + EbE
2
a = (q + q
−1)EaEbEa, if |a− b| = 1,
F 2aFb + FbF
2
a = (q + q
−1)FaFbFa, if |a− b| = 1.
Here and further Ka,a+1 := KaK
−1
a+1, a ∈ Z. Define the bar involution on Uq(gl(∞))
to be the anti-linear automorphism − such that Ea = Ea, F a = Fa, Ka = K
−1
a . As
usual anti-linear means q 7→ q−1. We will sometimes also write Ea = Ea,a+1 and
Fa = Ea+1,a.
Let V be the natural Uq(gl(∞))-module with basis {va}a∈Z and W := V
∗ the
dual module with basis {wa}a∈Z such that
wa(vb) = (−q)
−aδa,b. (1.5)
The action of the Chevalley generators on these basis elements are given explicitly
by:
Kavb = q
δabvb, Eavb = δa+1,bva, Favb = δa,bva+1,
Kawb = q
−δabwb, Eawb = δa,bwa+1, Fawb = δa+1,bwa.
We shall use the same comultiplication ∆ on Uq(gl(∞)) as in [B1, CWZ]:
∆(Ea) = 1⊗ Ea + Ea ⊗Ka+1,a,
∆(Fa) = Fa ⊗ 1 +Ka,a+1 ⊗ Fa, (1.6)
∆(Ka) = Ka ⊗Ka.
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We denote the Iwahori-Hecke algebra of type A by Hn, which is the Q(q)-algebra
generated by Hi, where 1 ≤ i ≤ n− 1, subject to the relations
(Hi − q
−1)(Hi + q) = 0, HiHi+1Hi = Hi+1HiHi+1, HiHj = HjHi (|i− j| > 1).
For x ∈ Sn with a reduced expression x = si1 · · · sir , we set Hx := Hi1 · · ·Hir .
The bar involution − on Hn is the unique anti-linear automorphism defined by
Hx = H
−1
x−1
for all x ∈ Sn. We let H0 :=
∑
x∈Sn
(−q)ℓ(x)−ℓ(σ0)Hx where σ0 is the
longest element in Sn.
2. Canonical and dual canonical bases on a Fock space
2.1. The Fock space. Denote by V+, V0, and V− the subspaces of V spanned by
vi with i > 0, i = 0, and i < 0, respectively. Denote by U (respectively U+) the
subalgebras of Uq(gl(∞)) generated by Ei, Fi, Ki+1, K
−1
i+1, i ≤ −2 (respectively by
Ei, Fi, Ki, K
−1
i , i ≥ 1). Then V− (respectively V+) is the natural U (respectively
U+) module.
Lemma 2.1. (1) There is an algebra isomorphism φ : U+
∼
7→ U given by
Ei
φ
7→ F−i−1, Fi
φ
7→ E−i−1, K
±1
i
φ
7→ K±1−i (i > 0).
(2) The composition of φ−1 with the natural action of U+ on V+ defines a U-
module structure on V+. Furthermore the linear map V+ → V−, vi 7→ v−i,
i > 0, is an isomorphism of U-modules.
Proof. Part (1) follows by checking the defining relations, while (2) follows from
the explicit formulae of the actions of U on V− and U+ on V+. 
Denote by W− the U-module which is dual to the natural U-module V−, with
generators wi, i < 0, normalized as in (1.5). Define the U-module
⊗n
W− via the
usual comultiplication ∆(n−1) = (id⊗(n−2) ⊗∆) . . . (id⊗∆)∆. By the Schur-Jimbo
duality, Hn acts on
⊗n
W− and this action commutes with the action of U . Define∧n
W− to be the quotient of
⊗n
W− by the kernel of H0. Denote the image of
wf1 ⊗ · · · ⊗ wfn in
∧n
W− by wf1 ∧ · · · ∧ wfn, for wf1, . . . , wfn ∈W−.
Consider the following Fock space
F := V⊗
n∧
W−.
For f = (f−1|f1, · · · , fn) ∈ Y
1|n
+ , let
Kf := vf
−1 ⊗ wf1 ∧ wf2 ∧ · · · ∧ wfn. (2.1)
Then the Kf form a basis of F .
Define an action of the quantum group U on the space F in the following way.
Let F• := V• ⊗
∧n
W− for • = +,−, 0. The action of U on F− is defined exactly
as in (1.6) via ∆. The action of U on F+ is via ∆
′ = (1⊗ φ) ◦∆ ◦ φ−1, which is a
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mixture of the comultiplication ∆ and the isomorphism φ: for i > 0,
∆′(E−i,−i−1) = 1⊗ E−i,−i−1 + Ei,i+1 ⊗K−i−1,−i,
∆′(E−i−1,−i) = Ei+1,i ⊗ 1 +Ki,i+1 ⊗ E−i−1,−i,
∆′(K−i) = Ki ⊗K−i.
The action of U on F0 is defined by x 7→ 1⊗x for every x ∈ U which is compatible
with either ∆ or ∆′. Putting together, we have defined an action of U on F =
F+ ⊕ F0 ⊕F−.
We also define the following operators on F :
E−1 := E−1,0 ⊗ (K−1)
−1 + E1,0 ⊗ 1, F−1 := E0,−1 ⊗ 1 + E0,1 ⊗K−1.
The following lemmas can be proved by straightforward calculations.
Lemma 2.2. For g = (g−1|g1, . . . , gn) ∈ Y
1|n
+ , let g
± = (g−1 ± 1|g1, . . . , gn). The
actions of E−1 and F−1 on Kg vanish unless g−1 = 0,±1, or gn = −1. In these
cases,
(1) if gn = −1, then
E−1(Kg) = Kg+ + qKg−, if g−1 = 0,
F−1(Kg) = q
−1Kg−, if g−1 = 1,
F−1(Kg) = Kg+, if g−1 = −1;
(2) if gn 6= −1, then
E−1(Kg) = Kg+ +Kg−, if g−1 = 0,
F−1(Kg) = Kg−, if g−1 = 1,
F−1(Kg) = Kg+ , if g−1 = −1.
From now on, by abuse of notation, and we will refer to Ea, Fa(a ≥ −1) as the
Chevalley generators.
2.2. The canonical and dual canonical bases.
Proposition 2.3. For every atypical f ∈ Y
1|n
+ , there exist a typical g ∈ Y
1|n
+ and
a sequence of Chevalley generators X1, . . . , Xr such that
X1 · · ·Xr(Kg) = Kf + qKfL.
Proof. We explicitly construct the sequence of Chevalley generatorsX1, . . . , Xr and
a typical weight g for every atypical f . There are three cases to consider according
to Subsection 1.2.
(I) f−1 = fi for a fixed i ≥ 1. Set k = −f−1. There exists an l ≥ 0 such that
f = (−k|f1, · · · , fi−l−1,−k − l,−k − l + 1, . . . ,−k, fi+1, · · · , fn), (2.2)
f L = (−k − l − 1|f1, · · · , fi−l−1,−k − l − 1,−k − l, . . . ,−k − 1, fi+1, · · · , fn),
with fi−l−1 < −k − l − 1. Then,
E−k−l−1E−k−l · · ·E−k−1 (Kg) = Kf + qKfL .
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with the typical element
g := (−k|f1, · · · , fi−l−1,−k − l − 1,−k − l, . . . ,−k − 1, fi+1, · · · , fn).
(II) f−1 = −fi for some i ≥ 1, and f
L
−1 > 0. There is an l ≥ 0 such that
f = (k + l + 1|f1, · · · , fi−1,−k − l − 1,−k − l, . . . ,−k − 1, fi+l+1, · · · , fn),
f L = (k|f1, · · · , fi−1,−k − l,−k − l + 1, . . . ,−k, fi+l+1, · · · , fn),
with fi+l+1 > −k, where k = f
L
−1. Then,
F−k−1F−k−2 · · ·F−k−l−1 (Kg) = Kf + qKfL
with the typical element
g := (k + l + 1|f1, · · · , fi−1,−k − l,−k − l + 1, . . . ,−k, fi+l+1, · · · , fn).
(III) f−1 = −fi for some i ≥ 1, and f
L
−1 < 0. Then
f = (k|f1, . . . , fn−k,−k,−k + 1, . . . ,−1),
f L = (−k|f1, . . . , fn−k,−k,−k + 1, . . . ,−1),
where k = f−1. Then
E−k . . . E−2E−1(Kg) = Kf + qKfL
with the typical element g := (0|f1, . . . , fn−k,−k,−k + 1, . . . ,−1). 
We define a bar-involution − on U by declaring that it fixes all the Chevalley
generators and sends K−i to K
−1
−i .
Theorem 2.4. (1) There exists a unique anti-linear bar involution − on a
suitable completion F̂ of F such that
(i) Kf = Kf for all typical f ∈ Y
1|n
+ ;
(ii) Xu = Xu, E−1u = E−1u and F−1u = F−1u, for all X ∈ U and u ∈ F̂ .
(2) There exists unique canonical basis {Uf} and dual canonical basis {Lf},
where f ∈ Y
1|n
+ , for F̂ such that
(i) U f = Uf and Lf = Lf ;
(ii) Uf ∈ Kf +
∑̂
g≺fqZ[q]Kg and Lf ∈ Kf +
∑̂
g≺fq
−1Z[q−1]Kg.
(3) Uf = Lf = Kf for typical f ∈ Y
1|n
+ . For every atypical f ∈ Y
1|n
+ , we have
Uf = Kf + qKfL, Lf = Kf +
∞∑
l=1
(−q−1)lKf(l) (2.3)
where f (1) = f L and f (l+1) = (f (l))L.
Proof. Proposition 2.3 and the requirement (ii) of the bar map imply thatKf+qKfL
for every atypical f is bar-invariant. Thus, Kf + qKfL for all atypical f ∈ Y
1|n
+
together with Kf for all typical f ∈ Y
1|n
+ form a bar-invariant basis of F̂ . This
proves the uniqueness of the bar map.
Since Kf + qKfL = Kf + qKfL for f atypical, we obtain
Kf = Kf + qKfL − q
−1KfL . (2.4)
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By iterating the relation (2.4) we obtain that
Kf = Kf + (q − q
−1)
∞∑
i=1
(−q)1−iKf(i) .
It follows that the bar map is indeed an involution with the property that Kf
equals Kf plus lower terms in Bruhat order for every f ∈ Y
1|n
+ . The existence and
uniqueness of the canonical and dual canonical bases now follows routinely from
the bar involution with such a property [KL].
Clearly, for every typical f ∈ Y
1|n
+ , we have Uf = Lf = Kf . By the uniqueness
of the canonical basis, Uf = Kf + qKfL for f atypical. Denote the RHS of (2.3) by
Lf . It follows from (2.4) that Lf = Kf − q
−1LfL . Iterating this relation we obtain
Lf = Lf . Thus Lf = Lf by the uniqueness of the dual canonical basis.
It remains to check that the bar map on F indeed satisfies the compatibility
condition (ii) of (1). For the generators E−1 and F−1, this follows from Lemma 2.2.
Now consider the Chevalley generators of U . This requires a tedious (albeit
elementary) case by case verification that X−a(Uf) = X−a(Uf), for all f ∈ Y
1|n
+ and
all Chevalley generators X−a of U . If f ∈ Y
1|n
+ is typical, then for any Chevalley
generator X−a of U , X−a(Uf ) is either zero or equal to some Ug. This can be
established by separately analyzing the two cases with |f1|+ fi 6= ±1 for all i > 0
and with |f1|+ fi = ±1 for some i > 0 respectively.
We divide the atypical elements of Y
1|n
+ into three cases as in the proof of Propo-
sition 2.3. (I) f and f L are given by equation (2.2). If l ≥ 1, we can show that
for all the Chevalley generators X−a of U , X−a(Uf) is either zero or equal to some
Ug. This is also true for all the X−a but E−k−1 when l = 0. In the latter case,
E−k−1(Uf ) = (q+ q
−1)Ug with g = (−k−1|f1, . . . , fi−1,−k, fi+1, . . . , fn). The case
(II) is analogous, thus we omit the details. In the case (III), X−a(Uf) is either zero
or equal to some Ug if Xa 6= F−k. When Xa = F−k, we have
F−k(Uf ) =
{
0, if fn−k = −k − 1,
Ug+ + Ug−, if fn−k 6= −k − 1,
where g± = (±k|f1, . . . , fn−k,−k− 1,−k+1, . . . ,−1). This completes the proof of
the theorem. 
3. Representation theory of g
3.1. Characters of the tilting and irreducible g-modules. Let
∑∞
i=0 Zǫi de-
note the free abelian group with basis ǫi, i = 0,−1,−2, . . . . We define a map
wt : Y
1|n
+ 7→
∑∞
i=0 Zǫi by
f = (f−1 | f1, f2, . . . , fn) 7→ wt(f) = ǫ−|f
−1| − ǫf1 − ǫf2 − · · · − ǫfn .
It was stated in [K2] and proved in [Pe, Theorem 1.2] that λ, µ ∈ X
1|n
+ correspond
to the same central character only if wt(fλ) = wt(fµ). On the other hand, exactly
when λ and µ are atypical, wt(fλ) = wt(fµ) implies that λ and µ are in the same
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block. The block corresponding to λ will be denoted by O+λ . Evidently O
+ is a
direct sum of blocks corresponding to different central characters.
Given a g-module M in the category O+, we endow the dual M∗ with the usual
g-module structure. Further twisting the g-action on M∗ with the automorphism
of g given by ei 7→ −fi, fi 7→ −ei, hi 7→ hi for 1 ≤ i ≤ n and e0 7→ f0, f0 7→
−e0, h0 7→ h0, we obtain another g-module denoted by M
τ . We have (M τ )τ ∼= M .
We shall consider translation functors on the category O+. For any M ∈ O+
belonging to the block of a weight λ ∈ X
1|n
+ , we define for a = 1, 2, . . .
E˜−a(M) = prwt(fλ)+ǫ−a−ǫ−a+1(C
2|2n ⊗M),
F˜−a(M) = prwt(fλ)+ǫ−a+1−ǫ−a(C
2|2n ⊗M).
Here for γ ∈
∑∞
i=0 Zǫi, prγ : O
+ →
⊕
wt(µ)=γ O
+
µ stands for the canonical pro-
jection. Such functors are exact and their left and right adjoints are of the same
form.
Let K(O+) denote the Grothendieck group of O+. For M ∈ O+ the expression
[M ] denotes the corresponding element in K(O+). We shall use the same notation
to denote the operators on K(O+) corresponding to E˜−a and F˜−a respectively. By
checking the tensor product of K(λ) with the natural module C2|2n, we can easily
prove the following result.
Proposition 3.1. The linear map j : K(O+) → F|q=1, K(λ) 7→ Kfλ, is an
isomorphism of vector spaces. Furthermore, for a ≤ −1 we have
E−aj(−) = j(E˜−a(−)), F−aj(−) = j(F˜−a(−)).
We say that an objectM ∈ O+ has aKac flag, ifM has a filtration of submodules
fromO+ such that each successive quotient is isomorphic to some Kac module. The
general theory of finite dimensional tilting modules as explained in [So, B2] applies
to the Lie superalgebra g as well. We denote by U(λ) ∈ O+ the tilting module
associated with λ ∈ X
1|n
+ . It is the unique indecomposable object in O
+ satisfying:
(1) U(λ) has a Kac flag with K(λ) at the bottom; (2) Ext1O+(K(µ), U(λ)) = 0 for
all µ ∈ X
1|n
+ . Denote by (U(λ) : K(µ)) the multiplicity of the Kac module K(µ) in
a Kac flag of U(λ), and by [K(µ) : L(ν)] the multiplicity of L(ν) in a composition
series of K(µ). Recall β = 2nǫ. Following [B1, B2], we have
K(λ)∗ ∼= K(β − w0λ); U(λ)
∗ ∼= U(β − w0λ).
(U(λ) : K(µ)) = [K(β − w0µ) : L(β − w0λ)]. (3.1)
Below we have the following analogue of Theorem 4.37 in [B1].
Theorem 3.2. Let λ ∈ X+1|n. Then,
(1) If λ is typical, then U(λ) = K(λ) = L(λ). If λ is atypical, there exist a
sequence of translation functors X1, . . . , Xr and a typical µ in X
+
1|n such
that U(λ) = X1 · · ·XrU(µ). Furthermore, U(λ) has the following 2-step
Kac flag: 0→ K(λ)→ U(λ)→ K(λL)→ 0.
(2) j([U(λ)]) = Ufλ |q=1.
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(3) U(λ) is the projective cover of L(λL).
(4) U(λ) ∼= U(λ)τ .
Proof. Let us first assume the validity of (1). Part (2) immediately follows from
Proposition 3.1 and Proposition 2.3. Part (1) implies that there is an epimor-
phism U(λ) → L(λL) and U(λ) is indecomposable. We have HomO+(U(λ),M) ∼=
HomO+(K(µ), Yr · · ·Y1M), where Ya is the translation functor corresponding to the
adjoint functor of Xa. Thus U(λ) is projective and (3) holds. Part (4) also follows
readily from (1) by an induction argument, since τ commutes with the translation
functors.
So it remains to prove (1). The typical case is clear. Now let us fix an atypical
λ. Then by Proposition 2.3 there exists a typical ν and a sequence of Chevalley
generators X1, . . . , Xr such that Ufλ = X1 · · ·Xr(Ufν ). By abuse of notation, we
shall also denote by X1, . . . , Xr the corresponding translation functors.
Clearly (1) holds for a typical ν. By Proposition 3.1, we have
j[X1 · · ·XrU(ν)] = X1 · · ·XrUfν (1) = Ufλ(1).
This and the formula for the canonical basis element Ufλ = Kfλ + qKfλL imply the
following identity in K(O+):
[X1 · · ·XrU(ν)] = [K(λ)] + [K(λ
L)]. (3.2)
Now it is easy to see that if M ∈ O+ has a Kac flag, then the translation functor
applied to M produces a module with a Kac flag, which in turn implies that any
direct summand of it also has a Kac flag. Since Ext1O+(K(µ), X1 · · ·XrU(ν)) =
Ext1O+(Yr · · ·Y1K(µ), U(ν)) = 0, we have Ext
1
O+(K(µ), U) = 0 for any direct sum-
mand U of X1 · · ·XrU(ν). Hence by (3.2) X1 · · ·XrU(ν) is a direct sum of tilting
modules and contains U(λ) as a direct summand.
If we can show that K(λL) (besides the obvious one K(λ)) appears in a Kac
flag for U(λ), then by (3.2) again there will be no more tilting module as a direct
summand of X1 · · ·XrU(ν) and we will be done. This latter claim is indeed true,
since by (1.4) and (3.1),
(U(λ) : K(λL)) = [K(β − w0λ
L) : L(β − w0λ)]
= [K(β − w0λ
L) : L((β − w0λ
L)L)] ≥ 1.
The last inequality [K(µ) : L(µL)] ≥ 1 for every atypical µ will be established in
Lemma 3.6 below, independently of van der Jeugt’s theorem [V]. 
Using (1.4), (3.1) and Theorem 3.2, we have obtained a new proof of van der
Jeugt’s main theorem.
Corollary 3.3. [V] For λ ∈ X
1|n
+ atypical, there is a short exact sequence of g-
modules
0→ L(λL)→ K(λ)→ L(λ)→ 0.
Let ρ0 =
1
2
∑
α∈∆+0
α. Write
D0 :=
∑
w∈W
(−1)l(w)w(eρ0).
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Corollary 3.4. [V] let λ ∈ X
1|n
+ be atypical weight with (λ + ρ, γ) = 0 for some
γ ∈ ∆+1 . Then
chL(λ) =
1
D0
∑
w∈W
(−1)l(w)w
eλ+ρ0 ∏
α∈∆+1 \{γ}
(1 + e−α)
 . (3.3)
Proof. This follows from Corollary 3.3 and the fact that
RHS of (3.3) =
∏
α∈∆+1
(1 + e−α)
D0
∑
w∈W
(−1)l(w)w
(
eλ+ρ0/(1 + e−γ)
)
=
∏
α∈∆+1
(1 + e−α)∏
α∈∆+0
(1− eα)
∑
k≥0
(−1)k
∑
w∈W
(−1)l(w)w
(
eλ+ρ0−kγ
)
e−ρ0
=
∑
k≥0
(−1)k
∏
α∈∆+1
(1 + e−α)
∑
w∈W (−1)
l(w)ew(λ+ρ0−kγ)−ρ0∏
α∈∆+0
(1− eα)
=
∑
i≥0
(−1)ichK(λ(i)).
In the last identity we have used the Weyl character formula and the fact that
ρ0 − ρ is W -invariant. 
Remark 3.5. In [Zou], ExtiO+(K(µ), L(λ)) was computed explicitly. Denote the
dual canonical basis element Lf =
∑
g lgf(q)Kg. These Kazhdan-Lusztig poly-
nomials lgf(q) have been computed in (2.3) for atypical f , and lgf (q) = δg,f for
typical f . Comparing with [Zou], we see the Serganova-Zou’s Kazhdan-Lusztig
polynomials coincide with ours: lfµfλ(−q
−1) =
∑
i≥0 q
iExtiO+(K(µ), L(λ)). From
the theory of highest weight categories of Cline, Parshall and Scott (cf. [B1, 4-f]
for adaptation to superalgebras), we have∑
i≥0
dimExtiO+(L(µ), L(λ))q
i =
∑
ν∈X+(1|n)
ℓνµ(−q
−1)ℓνλ(−q
−1).
3.2. A technical lemma. The following was used in the proof of Theorem 3.2.
Lemma 3.6. [K(λ) : L(λL)] ≥ 1 for every atypical λ.
Proof. Assume that λ = (λ−1|λ1, · · · , λn) is atypical. There are two possibilities:
(λ−1 − n) + (λi + n− i+ 1) = 0, or λ−1 − n = λi + n − i+ 1 for some i. We will
treat in detail below the first case when
λ−1 + λi − i+ 1 = 0 (3.4)
and leave the other similar case to the reader.
Let T− be the product of all odd negative root vectors and let vλ be a high-
est weight vector of the Kac module K(λ). Then the vector T−vλ has weight
(λ−1 − 2n|λ1, · · · , λn). Note that T−vλ is highest weight with respect to the Borel
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subalgebra containing the same even part but the opposite odd part of the stan-
dard Borel b. We apply now odd reflections in the following order to get back to
the standard Borel:
ǫ+ δ1, ǫ+ δ2, · · · , ǫ+ δn, ǫ− δn, ǫ− δn−1, · · · , ǫ− δ1.
Here the usual rule of odd reflection is that if (µ, α) = 0 then the highest weight
vector is unchanged, and if (µ, α) 6= 0 then the highest weight vector is obtained
by applying the positive root vector corresponding to α to the previous highest
weight vector (cf. for example, [PS]).
Note that (3.4) implies that λ−1 − n < 0 and thus λ−1 − 2n 6= λ1. So after the
first step the weight is (λ−1 − 2n + 1|λ1 + 1, · · · , λn). Repeating the process with
the first n odd roots, we end up with the weight (λ−1 − n|λ1 + 1, · · · , λn + 1). We
continue by using now the odd root ǫ− δn. If λ−1− n+ λn+1 = 0, then i = n. So
if n 6= i, then we need to add ǫ− δn and get (λ−1− n+1|λ1+1, · · · , λn−1+1, λn).
Finally we end up with the weight
λL = (λ−1 − i+ j − 1|λ1, · · · , λj−1, λj + 1, · · · , λi + 1, λi+1, · · · , λn).
Here j is determined by that λj = λj+1 = · · · = λi and λj−1 > λi. Note that in the
process we did not add ǫ− δi, ǫ− δi−1, . . . , ǫ− δj since λ−1− i+ λi+1 = 0. In this
way, we have obtained a highest weight vector (relative to b) of highest weight λL.

4. The composition factors of symmetric tensors
Let x, x¯ be 2 even variables and ξ1, · · · , ξn, ξ¯1, · · · , ξ¯n be 2n odd variables. If we
let C2|2n stand for the standard representation of osp(2|2n), then we may identify
the symmetric algebra S(C2|2n) with C[x, x¯, ξi, ξ¯i], the polynomial algebra in the
variables x, x¯ and ξ1, · · · , ξn, ξ¯1, · · · , ξ¯n. In this identification the action of g gets
identified with the action of certain linear differential operators whose explicit
formulas are easily written down. The positive simple root vectors e0, e1, · · · , en
and the negative simple root vectors f0, f1, · · · , fn are:
e0 = x
∂
∂ξ1
+ ξ¯1
∂
∂x¯
, f0 = ξ1
∂
∂x
− x¯
∂
∂ξ¯1
,
ei = ξi
∂
∂ξi+1
− ξ¯i+1
∂
∂ξ¯i
, fi = ξi+1
∂
∂ξi
− ξ¯i
∂
∂ξ¯i+1
, i = 1, · · · , n− 1,
en = ξn
∂
∂ξ¯n
, fn = ξ¯n
∂
∂ξn
.
By declaring all the variables to have degree 1 the algebra C[x, x¯, ξi, ξ¯i] acquires a
Z-grading
C[x, x¯, ξi, ξ¯i] =
∞⊕
j=0
C[x, x¯, ξi, ξ¯i]
j ∼=
∞⊕
j=0
Sj(C2|2n).
REPRESENTATION THEORY OF osp(2|2n) 13
Now the Laplace operator
∆ =
∂
∂x
∂
∂x¯
−
n∑
i=1
∂
∂ξi
∂
∂ξ¯i
: Sk(C2|2n)→ Sk−2(C2|2n)
is surjective of degree −2 for each k ≥ 0. One checks that ∆ commutes with the
action of g. This establishes the following.
Lemma 4.1. The map ∆ : Sk(C2|2n)→ Sk−2(C2|2n) is a surjective homomorphism
of g-modules, and Sk(C2|2n)/ ker∆ ∼= Sk−2(C2|2n) as g-modules.
Consider the case 0 ≤ k ≤ n. In this case using the combinatorial character
formula of [Lee, Theorem 3.7] or applying directly (3.3) we see that the character
of ker∆ ⊆ Sk(C2|2n) is equal to the character of the irreducible module of highest
weight (k|0, . . . , 0). This immediately implies the following proposition.
Proposition 4.2. For 0 ≤ k ≤ n the g-module ker∆ ⊆ Sk(C2|2n) is isomorphic
to the irreducible highest weight module of highest weight (k|0, . . . , 0).
Next we consider the case k ≥ 2n+ 1. The following lemma is easy to verify.
Lemma 4.3. Let k ≥ 2n+ 1. Then dimSk(C2|2n)− dimSk−2(C2|2n) = 22n+1.
Lemma 4.4. Let Φ1 :=
∑n
i=1 ξiξ¯i and k ≥ 2n. Set
Γ :=
n∑
i=0
(−1)i
(
k − n
i
)
x¯k−n−ixn−iΦi1 ∈ S
k(C2|2n).
Then Γ 6= 0 and we have ∆(Γ) = 0 and eiΓ = 0, for i = 0, · · · , n.
Proof. Follows by a direct computation. 
Proposition 4.5. Let k ≥ 2n+ 1. There is an isomorphism of g-modules:
ker∆ ∼= L(k|0, . . . , 0)⊕ L(2n− k|0, . . . , 0).
Proof. It is clear that xk ∈ Ker∆ is a highest weight vector of weight (k|0, . . . , 0).
By Lemma 4.4 the irreducible g-module of highest weight (2n − k|0, · · · , 0) is
also a composition factor of ker∆. However, both weights are typical, and hence
the irreducible modules are equal to the corresponding Kac modules which are of
dimension 22n. Now Lemma 4.3 implies that ker∆ has only these two composition
factors. Finally, the weights (k|0, · · · , 0) and (2n− k|0, · · · , 0) belong to different
blocks and so indeed we have a direct sum. 
Remark 4.6. Let k ≥ 2n + 1. Consider a new set of simple roots of g associated
with the following Dynkin diagram:
© © © ⊗
⊗
. . . ✟✟
✟
❍
❍
❍δ1 − δ2 δ2 − δ3 δn−1 − δn
δn − ǫ
δn + ǫ
(4.1)
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Here δn± ǫ are odd roots. We can show via the method of odd reflections that the
highest weights of the two summands of ker∆ in Proposition 4.5 with respect to
this new Borel have Dynkin labels indicated as follows (with the convention here
and below that the unmarked ones are 0):
© © © ⊗
⊗
. . . ✚
✚
❩
❩
k + 1− n
1− k + n
© © © ⊗
⊗
. . . ✚
✚
❩
❩
1− k + n
k + 1− n
Note that they are related via a Dynkin diagram automorphism.
It remains to consider the case n + 1 ≤ k ≤ 2n. Denote by χl the irreducible
character of sp(2n) of highest weight
∑l
i=1 δi. The proofs of the following two
lemmas are straightforward and omitted.
Lemma 4.7. Let λ =
∑n
i=1 kiδi, where ki = 0, 1, for all i. Suppose there exists
ki = 0 and kj = 1 with i < j. Let x be an indeterminate. Then we have
∑
w∈W
(−1)l(w)w
(
eλ+ρ0
n∏
i=1
(1 + xe−δi)
)
= 0.
Lemma 4.8. Let λ =
∑l
i=1 δi, and l ≤ n. Let x be an indeterminate. Then we
have
1
D0
∑
w∈W
(−1)l(w)w
(
eλ+ρ0
n∏
i=1
(1 + xe−δi)
)
=
l∑
j=0
xl−jχj .
Corollary 4.9. For n + 1 ≤ k ≤ 2n, the character chL(−ǫ+
∑2n−k+1
i=1 δi) equals
χ0
(
e−kǫ + e(−k+2)ǫ + · · · e(−k+2(k−n−1))ǫ)
+ χ1
(
e(−k+1)ǫ + e(−k+3)ǫ + · · ·+ e(−k+1+2(k−n−1))ǫ) + · · ·+ χne
(n−k)ǫ. (4.2)
Proof. By (3.3), the character chL(−ǫ+
∑2n−k+1
i=1 δi) is equal to
1
D0
∑
w∈W
(−1)l(w)w
(
e−ǫ+
∑2n−k+1
i=1 δi+ρ0 ×
(1 + e−ǫ+δn) · · · (1 + e−ǫ+δ2n−k+2)
n∏
i=1
(1 + e−ǫ−δi)
)
,
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which can then be written by Lemmas 4.7 and 4.8 (with x = e−ǫ) as
e−ǫ
(
e(−2n+k−1)ǫχ0 + e
(−2n+k)ǫχ1 + · · ·+ χ2n−k+1
)
+ e−2ǫ
(
e(−2n+k−2)ǫχ0 + e
(−2n+k−1)ǫχ1 + · · ·+ χ2n−k+2
)
+ . . .
+ e(n−k)ǫ
(
e−nǫχ0 + e
(−n+1)ǫχ1 + · · ·+ χn
)
.
The corollary now follows by collecting the coefficients of the χi. 
Proposition 4.10. Let n+ 1 ≤ k ≤ 2n. We have
ch ker∆ = chL(kǫ) + chL((2n− k)ǫ) + chL(−ǫ +
2n−k+1∑
i=1
δi).
Proof. Note that
chK(kǫ) = ekǫ
n∏
i=1
(1 + e−ǫ+δi)(1 + e−ǫ−δi),
and it can be rewritten as
ekǫ
(
χ0 + e
−ǫχ1 + e
−2ǫ(χ2 + χ0) + e
−3ǫ(χ3 + χ1) + · · ·+ e
−nǫ(χn + χn−2 + · · · )
+ e−2nǫχ0 + e
(−2n+1)ǫχ1 + e
(−2n+2)ǫ(χ2 + χ0) + e
(−2n+3)ǫ(χ3 + χ1) + · · ·
+ · · ·+ e−(n+1)ǫ(χn−1 + χn−3 + · · · )
)
. (4.3)
Now a straightforward calculation shows that
ch ker∆ = (e(k−n)ǫ + e(n−k)ǫ)χn
+ (e(k+1−n)ǫ + e(k−1−n)ǫ + e(n−k+1)ǫ + e(n−k−1)ǫ)χn−1 + · · ·
+ (e2(k−n−1)ǫ + · · ·+ 1̂ + · · ·+ e−2(k−n−1)ǫ)χ2n+2−k + · · · (4.4)
+ (e(k−1)ǫ + e(k−3)ǫ + · · ·+ e−(k−1)ǫ)χ1
+ (ekǫ + e(k−2)ǫ + · · ·+ e−kǫ)χ0
where 1ˆ means as usual omission. One checks that (4.4) = (4.2) + (4.3). The
proposition now follows from the fact that chK(kǫ) = chL(kǫ)+chL((2n−k)ǫ). 
Clearly, S0(C2|2n) ∼= C and S1(C2|2n) ∼= C2|2n. The composition factors of
Sk(C2|2n) for every k are now described explicitly by combining Lemma 4.1, Propo-
sitions 4.2, 4.5 and 4.10.
Remark 4.11. Let n+1 ≤ k ≤ 2n. We can show via the method of odd reflections
that the highest weights of the three summands of ker∆ in Proposition 4.10 with
respect to the set of simple roots (4.1) have Dynkin labels as indicated below:
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© © © ⊗
⊗
. . . ✚
✚
❩
❩
k + 1− n
1− k + n
© © © ⊗
⊗
. . . ✚
✚
❩
❩
1− k + n
k + 1− n
© · · · © © ⊗
⊗
. . . ✚
✚
❩
❩
1
δ2n−k − δ2n−k+1
Note that all three weights are in the same block and two of them are related by
a diagram automorphism.
For the sake of completeness, we remark that ker∆ with k ≤ n (see Proposi-
tion 4.2) with respect to the new Dynkin diagram (4.1) have the following Dynkin
labels:
© © © ⊗
⊗
. . . ✚
✚
❩
❩
1
1
(k = n)
© · · · © © ⊗
⊗
. . . ✚
✚
❩
❩
1
δk − δk+1
(k < n)
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